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Apunte 27
Resolver:

𝑦′′′ − 𝑦′′ − 𝑦′ + 𝑦 = 𝑔(𝑡)

Por el método de variación de parámetros.
Calculamos yc

𝑦′′′ − 𝑦′′ − 𝑦′ + 𝑦 = 0

𝑚3 − 𝑚2 − 𝑚 + 1 = 0

𝑚1 = 1   ,   𝑚2 =− 1

1   − 1   − 1    1 1 − 1
         1      0 − 1            
1      0   − 1     0            
    − 1      1                    
 1  − 1      0                     

𝑚 − 1 = 0   ,   𝑚3 = 1

𝑦𝑐 = 𝐶1𝑒𝑡 − 𝐶2𝑒−𝑡 + 𝐶3𝑡𝑒𝑡

𝑦1 = 𝑒𝑥   ,    𝑦2 = 𝑒−𝑥𝑦3 = 𝑥𝑒𝑥 𝐶𝑜𝑛𝑗𝑢𝑛𝑡𝑜𝑓𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝑑𝑒 𝑠𝑜𝑙𝑢𝑐𝑖𝑜𝑛𝑒𝑠

Calculamos yp
𝑦𝑝 = 𝑢1𝑦1 + 𝑢2𝑦2 + 𝑢3𝑦3

Sistema de ecuaciones:
𝑦1𝑢′

1 + 𝑦2𝑢′
2 + 𝑦3𝑢′

3 = 0
𝑦′

1𝑢′
1 + 𝑦′

2𝑢′
2 + 𝑦′

3𝑢′
3 = 0

𝑦′′
1 𝑢′

1 + 𝑦′′
2 𝑢′

2 + 𝑦′′
3 𝑢′

3 = 𝑔(𝑡)
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Entonces:
𝑊(𝑦1, 𝑦2, 𝑦3) ≠ 0

𝑢′
1 = 𝑊1

𝑊    𝑢′
2 = 𝑊2

𝑊    𝑢′
3 = 𝑊3

𝑊

𝑦1 = 𝑒𝑡   ,   𝑦2 = 𝑒−𝑡   ,   𝑦3 = 𝑡𝑒𝑡

𝑊 𝑦1, 𝑦2, 𝑦3 =
𝑒𝑡 𝑒−𝑡 𝑡𝑒𝑡

𝑒𝑡 − 𝑒−𝑡 𝑒𝑡 + 𝑡𝑒𝑡

𝑒𝑡 𝑒−𝑡 2𝑒𝑡 + 𝑡𝑒𝑡
= 4𝑒𝑡

𝑊1 =
0 𝑒−𝑡 𝑡𝑒𝑡

0 − 𝑒−𝑡 𝑒𝑡 + 𝑡𝑒𝑡

𝑔(𝑡) 𝑒−𝑡 2𝑒𝑡 + 𝑡𝑒𝑡
= (− 2𝑡 − 1)𝑔(𝑡)

𝑊2 =
𝑒𝑡 0 𝑡𝑒𝑡

𝑒𝑡 0 𝑒𝑡 + 𝑡𝑒𝑡

𝑒𝑡 𝑔(𝑡) 2𝑒𝑡 + 𝑡𝑒𝑡
= 2𝑔(𝑡)

𝑊3 =
𝑒𝑡 𝑒−𝑡 0
𝑒𝑡 − 𝑒−𝑡 0
𝑒𝑡 𝑒−𝑡 𝑔(𝑡)

= 𝑒2𝑡𝑔(𝑡)

𝑢′
1 = 𝑊1

𝑊 = (− 2𝑡 − 1)𝑔(𝑡)
4𝑒𝑡  →  𝑢1 =

𝑡

𝑡0

𝑔(𝑠)(− 1 − 2𝑠)
4𝑒𝑠  𝑑𝑠

𝑢′
2 = 𝑊2

𝑊 = 2𝑔(𝑡)
4𝑒𝑡  →  𝑢2 =

𝑡

𝑡0

2𝑔(𝑠)
4𝑒𝑠  𝑑𝑠

𝑢′
3 = 𝑊3

𝑊 = 𝑒2𝑡𝑔(𝑡)
4𝑒𝑡  →  𝑢3 =

𝑡

𝑡0

𝑔(𝑠)𝑒2𝑠

4𝑒𝑠  𝑑𝑠

𝑦𝑝 = 𝑢1𝑦1 + 𝑢2𝑦2 + 𝑢3𝑦3

=
𝑡

𝑡0

𝑔(𝑠)(− 1 − 2𝑠)
4𝑒𝑠  𝑑𝑠 𝑒𝑡 +

𝑡

𝑡0

2𝑔(𝑠)
4𝑒𝑠  𝑑𝑠 𝑒−𝑡 +

𝑡

𝑡0

𝑔(𝑠)𝑒2𝑠

4𝑒𝑠  𝑑𝑠 𝑡𝑒𝑡
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Sol. General de la ED es:
𝑦 = 𝑦𝑐 + 𝑦𝑝

——————————————————————————————————————————Resuelva el PVI:

𝑦′′ + 2𝑦′ + 5𝑦 =
1 0 ≤ 𝑡 ≤ 𝜋

2
0 𝑡 > 𝜋

2
𝑔(𝑡)

        𝑦 0 = 𝑦′ 0 = 0

Dos ED:
𝑦′′ + 2𝑦′ + 5𝑦 = 1      0 ≤ 𝑡 ≤ 𝜋

2     (2)

𝑦′′ + 2𝑦′ + 5𝑦 = 0         𝑡 > 𝜋
2         (1)

Resolver la ED homogénea -> (1)
𝑚2 + 2𝑚 + 5 = 0

𝑚 = − 2 ± 4 − 20
2 = − 2 ± 4𝑖

2

𝑚1 =− 1 + 2𝑖

𝑚2 =− 1 − 2𝑖

𝛼 =− 1    ,    𝛽 = 2

𝐶1𝑒−𝑡 cos 2𝑡 + 𝐶2𝑒−𝑡 sin 2𝑡         𝑡 > 𝜋
2

Para la ED no homogénea -> (2)
𝑦′′ + 2𝑦′ + 5𝑦 = 0

𝑦𝑐

𝐶3𝑒−𝑡 cos 2𝑡 + 𝐶4𝑒−𝑡 sin 2𝑡          0 ≤ 𝑡 ≤ 𝜋
2
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𝑦𝑐 𝑡 =
𝐶3𝑒−𝑡 cos 2𝑡 + 𝐶4𝑒−𝑡 sin 2𝑡          0 ≤ 𝑡 ≤ 𝜋

2
𝐶1𝑒−𝑡 cos 2𝑡 + 𝐶2𝑒−𝑡 sin 2𝑡         𝑡 > 𝜋

2        

Calcular 𝑦𝑝

𝑦′′ + 2𝑦′ + 5𝑦 = 1     0 ≤ 𝑡 ≤ 𝜋
2

𝑔 𝑡 = 1    𝑦𝑝 = 𝐴    𝑦′
𝑝 = 𝑦′′

𝑝 = 0

𝑦′′
𝑝 + 2𝑦′

𝑝 + 5𝑦𝑝 = 1    =>  5𝐴 = 1 =>  𝐴 = 1
5          𝑦𝑝 𝑡 =

1
5 0 ≤ 𝑡 ≤ 𝜋

2
0 𝑡 > 𝜋

2

Solución general de la ED:

∴ 𝑦 𝑡 = 𝑦𝑐 + 𝑦𝑝 =
𝐶3𝑒−𝑡 cos 2𝑡 + 𝐶4𝑒−𝑡 sin 2𝑡 + 1

5 0 ≤ 𝑡 ≤ 𝜋
2

𝐶1𝑒−𝑡 cos 2𝑡 + 𝐶2𝑒−𝑡 sin 2𝑡       𝑡 > 𝜋
2

PVI:
𝑦 0 = 𝑦′ 0 = 0

0 = 𝑦 0 = 𝐶3 + 𝐶4 ∗ 0 + 1
5     =>  𝐶3 =− 1

5

0 = 𝑦′ 0 =− 𝐶3 + 2𝐶4 = 0   =>  𝐶4 = 𝐶3
2 =− 1

5
2
1

=− 1
10

𝑦 𝑡 =
− 1

5 𝑒−𝑡 cos 2𝑡 − 1
10 𝑒−𝑡 sin 2𝑡 + 1

5 0 ≤ 𝑡 ≤ 𝜋
2

𝑪𝟏𝑒−𝑡 cos 2𝑡 + 𝑪𝟐𝑒−𝑡 sin 2𝑡       𝑡 > 𝜋
2

𝑡 = 𝜋
2
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lim
𝑡 → 𝜋2 −

𝑦(𝑡) = lim
𝑡 → 𝜋2 +

𝑦(𝑡)

lim
𝑡 → 𝜋2 −

𝑦′(𝑡) = lim
𝑡 → 𝜋2 +

𝑦′(𝑡)

——||||——|——||*||——
𝑡          𝜋

2           𝑡  

lim
𝑡 → 𝜋2 −

− 𝟏
𝟓 𝒆−𝒕 𝐜𝐨𝐬 𝟐𝒕 − 𝟏

𝟏𝟎 𝒆−𝒕 𝐬𝐢𝐧 𝟐𝒕 + 𝟏
𝟓 = lim

𝑡 → 𝜋2 +
𝑪𝟏𝑒−𝑡 cos 2𝑡 + 𝑪𝟐𝑒−𝑡 sin 2𝑡

𝑦′ 𝑡 =
𝐷𝑒𝑟𝑖𝑣𝑎𝑟 0 ≤ 𝑡 ≤ 𝜋

2
𝐷𝑒𝑟𝑖𝑣𝑎𝑟 𝑡 > 𝜋

2

lim
𝑡 → 𝜋2 −

𝑦′ 𝑡                            
    ( 𝑝𝑟𝑖𝑚𝑒𝑟𝑎 𝑓𝑢𝑛𝑐𝑖ó𝑛 )

  = lim
𝑡 → 𝜋2 +

𝑦′ 𝑡                            
    ( 𝑠𝑒𝑔𝑢𝑛𝑑𝑎 𝑓𝑢𝑛𝑐𝑖ó𝑛 )


