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Apunte 25
Resolver:

𝑦′′ − 4𝑦′ + 4𝑦 = (𝑥 + 1)𝑒2𝑥

𝑦𝑐

Resolver:
𝑦′′ − 4𝑦′ + 4𝑦 = 0    ,    𝑚2 − 4𝑚 + 4 = 0

𝑚 − 2 2 = 0    ,    𝑚1 = 𝑚2 = 2

𝑦𝑐 = 𝐶1𝑒2𝑥 + 𝐶2𝑥𝑒2𝑥

Calcular:
𝑦𝑝 = 𝑢1𝑦1 + 𝑢2𝑦2

{y1 , y2} , Forman un conjunto fundamental de soluciones en I=R de la ED homogénea
asociada.

𝑦1 = 𝑒2𝑥

𝑦2 = 𝑥𝑒2𝑥

𝑢′
1 = 𝑊1

𝑊     ,    𝑢′
2 = 𝑊2

𝑊

𝑊 = 𝑒2𝑥 𝑥𝑒2𝑥

2𝑒2𝑥 𝑒2𝑥 + 2𝑥𝑒2𝑥 = 𝑒4𝑥 + 2𝑥𝑒4𝑥 − 2𝑥𝑒4𝑥 = 𝑒4𝑥 ≠ 0  ∀𝑥

𝑊1 = 0 𝑥𝑒2𝑥

(𝑥 + 1)𝑒2𝑥 𝑒2𝑥 + 2𝑥𝑒2𝑥 =− (𝑥 + 1)𝑥𝑒4𝑥

𝑊2 = 𝑒2𝑥 0
2𝑒2𝑥 (𝑥 + 1)𝑒2𝑥 = (𝑥 + 1)𝑒4𝑥

𝑢′
1 = 𝑊1

𝑊 = − (𝑥 + 1)𝑥𝑒4𝑥

𝑒4𝑥 =− 𝑥 + 1 𝑥 =>  𝑢1 = 𝑢′
1𝑑𝑥 =− 𝑥3

3 − 𝑥2

2
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𝑢′
2 = 𝑊2

𝑊 = (𝑥 + 1)𝑒4𝑥

𝑒4𝑥 = 𝑥 + 1 =>  𝑢2 = 𝑢′
2𝑑𝑥 = 𝑥2

2 + 𝑥

𝑦𝑝 = 𝑢1𝑦1 + 𝑢2𝑦2 = − 𝑥3

3 − 𝑥2

2 𝑒2𝑥 + 𝑥2

2 + 𝑥 𝑥𝑒2𝑥

𝑦𝑝 = 𝑥3𝑒2𝑥

6 + 𝑥2𝑒2𝑥

2

Solución general es:
𝑦 = 𝑦𝑝 + 𝑦𝑐      𝑒𝑛 𝐼 = 𝑅

———————————————————————————————————————Resolver:
4𝑦′′ + 36𝑦 = csc 3𝑥

csc (3𝑥) = 1
sin 3𝑥

Forma estándar:
𝑦′′ + 9𝑦 = csc (3𝑥)

4

𝑦𝑐

Resolver a:
𝑦′′ + 9𝑦 = 0

𝑚2 + 9 = 0    ,    𝑚1 =− 3𝑖 , 𝑚2 = 3𝑖

𝛼 = 0    ,    𝛽 = 3

𝑦𝑐 = 𝐶1 cos (3𝑥) + 𝐶2 sin (3𝑥)

𝑦𝑝 Calculamos por medio del método de variación de parámetros:
𝑦𝑝 = 𝑢1𝑦1 + 𝑢2𝑦2
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𝑦1 = cos (3𝑥)
𝑦2 = sin (3𝑥)

𝑓 𝑥 = csc 3𝑥
4

𝑢′
1 = 𝑊1

𝑊     ,    𝑢′
2 = 𝑊2

𝑊

𝑊 𝑦1, 𝑦2 = cos (3𝑥) sin (3𝑥)
− 3 sin (3𝑥) 3 cos (3𝑥) = 3 𝑐𝑜𝑠2 (3𝑥) + 3 𝑠𝑖𝑛2 (3𝑥) = 3 ≠ 0    ∀𝑥∈𝐼

𝑊1 =
0 sin (3𝑥)

csc 3𝑥
4 3 cos (3𝑥) =− 1

4

𝑊2 =
cos (3𝑥) 0

− 3 sin (3𝑥) csc 3𝑥
4

= cos 3𝑥
4 sin 3𝑥

𝑢′
1 = 𝑊1

𝑊 =
− 1

4
3
1

=− 1
12  =>  𝑢1 = 𝑢′

1𝑑𝑥 =− 𝑥
12

𝑢′
2 = 𝑊2

𝑊 =
cos 3𝑥

4 sin 3𝑥
3
1

= cos 3𝑥
12 sin 3𝑥 = 1

12
cos 3𝑥
sin 3𝑥  =>  𝑢2 = 1

12
cos 3𝑥
sin 3𝑥  𝑑𝑥 = 1

36 ln sin (3𝑥)

Por lo tanto,
𝑦𝑝 = 𝑢1𝑦1 + 𝑢2𝑦2 =− 1

12 𝑥 cos (3𝑥) + 1
36 ln sin (3𝑥) sin (3𝑥)      𝑒𝑛 𝐼 = 𝑅

Solución general de la ED no homogénea:

𝑦 = 𝑦𝑐 + 𝑦𝑝      𝑒𝑛 𝐼 = 𝑅
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Resolver:
𝑦′′ − 𝑦 = 1

𝑥

𝑦𝑐

𝑦′′ − 𝑦 = 0    ,    𝑚2 − 1 = 0    ,    𝑚1 = 1    ,    𝑚2 =− 1

𝑦𝑐 = 𝐶1𝑒𝑥 + 𝐶2𝑒−𝑥

𝑦𝑝 Por el método de variación de parámetros:
𝑦𝑝 = 𝑢1𝑦1 + 𝑢2𝑦2

𝑦1 = 𝑒𝑥

𝑦2 = 𝑒−𝑥

𝑓 𝑥 = 1
𝑥

𝑢′
1 = 𝑊1

𝑊     ,    𝑢′
2 = 𝑊2

𝑊

𝑊 𝑒𝑥, 𝑒−𝑥 = 𝑒𝑥 𝑒−𝑥

𝑒𝑥 − 𝑒−𝑥 =− 2

𝑊1 =
0 𝑒−𝑥

1
𝑥 − 𝑒−𝑥 = − 𝑒−𝑥

𝑥

𝑊2 =
𝑒𝑥 0
𝑒𝑥 1

𝑥
= 𝑒𝑥

𝑥

𝑢′
1 = 𝑊1

𝑊 =
− 𝑒−𝑥

𝑥
− 2

1

= − 𝑒−𝑥

− 2𝑥 = 𝑒−𝑥

2𝑥  =>  𝑢1 = 1
2

𝑒−𝑥

𝑥  𝑑𝑥 = 1
2

𝑥

𝑥0

𝑒−𝑡

𝑡  𝑑𝑡

𝑢′
2 = 𝑊2

𝑊 =
𝑒𝑥

𝑥
− 2

1

= 𝑒𝑥

− 2𝑥 =− 1
2

𝑒𝑥

𝑥  =>  𝑢2 =− 1
2

𝑒𝑥

𝑥  𝑑𝑥 =− 1
2

𝑥

𝑥0

𝑒𝑡

𝑡  𝑑𝑡
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Por lo tanto,
𝑦𝑝 = 𝑢1𝑦1 + 𝑢2𝑦2 = 1

2

𝑥

𝑥0

𝑒−𝑡

𝑡  𝑑𝑡 𝑒𝑥 + − 1
2

𝑥

𝑥0

𝑒𝑡

𝑡  𝑑𝑡 𝑒−𝑥

Solución general de la ED no homogénea:
𝑦 = 𝑦𝑐 + 𝑦𝑝

———————————————————————————————————————
Generalización del método anterior:

𝑦(𝑛) + 𝑃𝑛−1 𝑥 𝑦(𝑛−1) + … + 𝑃1 𝑥 𝑦′ + 𝑃0 𝑥 𝑦 = 𝑓 𝑥    (∗)

𝑦𝑐 = 𝐶1𝑦1 + 𝐶2𝑦2 + 𝐶3𝑦3 + … + 𝐶𝑛𝑦𝑛 Es la función complementaria para la ED (*), entonces
la solución particular es:

𝑦𝑝 = 𝑢1(𝑥)𝑦
1
(𝑥) + 𝑢2 𝑥 𝑦

2
𝑥 + … + 𝑢𝑛(𝑥)𝑦

𝑛
(𝑥)

Donde los 𝑢′
𝑘 , 𝑘 = 1, 2, … , 𝑛 e determinan por las n eccs:

1 →  𝑦1𝑢′
1 + 𝑦2𝑢′

2 + … + 𝑦𝑛𝑢′
𝑛 = 0

𝑛 − 1

𝑦1𝑢′
1 + 𝑦2𝑢′

2 + … + 𝑦𝑛𝑢′
𝑛 = 0

𝑦′
1𝑢′

1 + 𝑦′
2𝑢′

2 + … + 𝑦′
𝑛𝑢′

𝑛 = 0
……………………………………

𝑦(𝑛−1)
1 𝑢′

1 + 𝑦(𝑛−1)
2 𝑢′

2 + … + 𝑦(𝑛−1)
𝑛 𝑢′

𝑛 = 𝑓(𝑥)

𝑢′
𝑘 = 𝑊𝑘

𝑊     𝑘 = 1, 2, … , 𝑛

Cuando n = 3
𝑦𝑝 = 𝑢1𝑦1 + 𝑢2𝑦2 + 𝑢3𝑦3

Sistema:
𝑦1𝑢′

1 + 𝑦2𝑢′
2 + 𝑦3𝑢′

3 = 0

𝑦′
1𝑢′

1 + 𝑦′
2𝑢′

2 + 𝑦′
3𝑢′

3 = 0

𝑦′′
1 𝑢′

1 + 𝑦′′
2 𝑢′

2 + 𝑦′′
3 𝑢′

3 = 𝑓(𝑥)
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Regla de Crammer:

𝑊 𝑦1, 𝑦2, 𝑦3 =

𝑦1 𝑦2 𝑦3
𝑦′

1 𝑦′
2 𝑦′

3
𝑦′′

1 𝑦′′
2 𝑦′′

3

𝑢′
1 = 𝑊1

𝑊 =

0 𝑦2 𝑦3
0 𝑦′

2 𝑦′
3

𝑓(𝑥) 𝑦′′
2 𝑦′′

3
𝑊

𝑢′
2 = 𝑊2

𝑊 =

𝑦1 0 𝑦3
𝑦′

1 0 𝑦′
3

𝑦′′
1 𝑓(𝑥) 𝑦′′

3
𝑊

𝑢′
3 = 𝑊3

𝑊 =

𝑦1 𝑦2 0
𝑦′

1 𝑦′
2 0

𝑦′′
1 𝑦′′

2 𝑓(𝑥)
𝑊


